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Abstract 

We investigate the noncommutative analogue of the spontaneously broken linear sigma 
model at the one-loop quantum level. In the commutative case, renormalization of 
a theory with a spontaneously broken continuous global symmetry depends on can- 
cellations that enable the limited set of counterterms consistent with that symmetry 
to remove the divergences even after its spontaneous breaking, while preserving the 
masslessness of the associated Goldstone modes. In the noncommutative case, we find 
that these cancellations are violated, and the renormalized one-loop correction to the 
inverse pion propagator explicitly yields a mass shift which depends on the ultraviolet 
cutoff. Thus, we cannot naively take the ultraviolet cutoff to infinity first, and then 
take the external momentum to zero to verify Nambu-Goldstone symmetry realization. 
However, from the Wilsonian perspective where the cutoff is fixed and physical, the 
zero external momentum limit of the inverse pion propagator still vanishes, and implies 
the masslessness of the pion fields at one- loop. This is another demonstration of the 
failure of ultraviolet and infrared limits to commute in noncommutative field theories, 
and signals the incompatibility of Nambu-Goldstone symmetry realization with the 
continuum renormalization of these theories. 



1 Introduction 



In this paper we undertake a perturbative analysis of quantum field theories on noncommu- 
tative 1Z 11 which exhibit the spontaneous breaking of a continuous global symmetry. The 
perturbative expansion of noncommutative field theories has been the subject of much re- 
cent investigation (see for example references [1-23]). In the original work of Filk jl]], it was 
suggested that despite being (infinitely) nonlocal, these theories exhibit the same divergence 
structure as their commutative counterparts (due to nonplanar oscillatory damping). More 
recently, Minwalla, Van Raamsdonk, and Seiberg |13| have shown that the effective cutoff 



of nonplanar graphs at one-loop in scalar theories replaces a UV divergence (which would 
ordinarily be cancelled with a counterterm) with an IR divergence in the external momenta: 
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Kff = -i " , A^->oo (1) 

A2+P°P P°P 

They find that UV and IR limits do not commute, and suggest that UV divergences that 
persist at higher orders can be interpreted as IR divergences. 



We continue these investigations, and examine global spontaneous symmetry breaking in 
the simplest case of the (noncommutative) linear sigma model. In particular, we wish to 
investigate the status of Goldstone's theorem at one-loop for the noncommutative case. As 
is well known, the renormalizability of spontaneously broken theories is more subtle because 
the number of counterterm vertices exceeds the number of renormalization parameters (eight 
and three respectively in the linear sigma model). In the standard commutative case, the 
renormalizability of the theory, and the persistence of Goldstone's theorem ensuring the 
masslessness of the classical pions at the quantum level, involve a delicate cancellation be- 
tween the relevant graphs and the pion propagator counterterm at zero external momentum 
[24-27]. The pion propagator counterterm is however fixed by the sigma tadpole counterterm, 
which in turn is fixed by the usual renormalization condition imposed on tadpoles: namely 
that they vanish so that the vev of the sigma is not renormalized. Thus, the persistence of 
masslessness of the pions (Goldstone's theorem) at the quantum level is a genuine prediction 
of the quantum field theory. We now generalize this standard textbook calculation to the 
noncommutative case. 



We will find that the cancellation in the calculation of the pion mass renormalization is vio- 
lated already at one loop order, and the 1PI renormalized (ie. after adding the counterterm 
fixed by the tadpole renormalization condition) effective action depends explicitly on the 
UV cutoff A, so the naive continuum limit does not exist; there is no more counterterm free- 
dom to subtract off these divergences. Put another way, turning on the noncommutativity 
parameter induces UV cutoff dependence in the one-loop corrections to the renormalized 
pion propagator, and renders renormalization inconsistent with Goldstone symmetry real- 
ization. Viewed however as a Wilsonian effective theory where A is fixed, the limit of the 
mass correction as the external momentum is taken to zero still vanishes, so that Goldstone's 
theorem is satisfied for the Wilsonian action. The difference between the Wilsonian effec- 
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tive theory, and the putative continuum renormalized theory is a direct consequence of the 
noncommutativity of the UV and IR limits in noncommutative field theories. 

The basic idea behind this rather elementary calculation is that the noncommutativity does 
not affect the tadpole calculation as no external momentum flows into a trilinear tadpole 
vertex. Insofar as the sigma tadpole measures quantum corrections to the sigma vev, this 
suggests that the order parameter for spontaneous symmetry breaking is insensitive to the 
underlying noncommutativity. Furthermore, since the tadpole counterterm, and the pion 
propagator counterterm are (essentially) the same (modulo the momentum dependent wave- 
function renormalization parameter), the latter is therefore unmodified, and fixed with re- 
spect to renormalization. Now however, the re-weighting of planar graphs (due to non- 
commutativity) with respect to commutative graphs, and the distinct behaviour of new 
nonplanar graphs occurring in the one-loop contributions to the pion propagator, lead to 
an inexact UV cutoff cancellation with the associated counterterm. We emphasize that this 
cannot be evaded by simply imposing that the propagator counterterm cancel the cutoff 
dependence of the one- loop planar and nonplanar diagrams (in effect changing the renormal- 
ization scheme), because now the sigma tadpole corrections will unavoidably diverge. This is 
a direct consequence of the relationship between the counterterm vertices in a spontaneously 
broken quantum field theory. In the following we calculate the one-loop renormalization of 
the inverse pion propagator in the linear sigma model of noncommutative field theory, and 
demonstrate the incompatibility of continuum renormalization with spontaneous symmetry 
breaking. 



2 Background and Formalism 



In this section we introduce the noncommutative geometry and linear sigma model formalism 
we will need for the calculations of the next section in a reasonably self-contained way. The 
underlying noncommutative 1Z U is labelled by n coordinates satisfying 

[x»,x u ] = id flu , reC (2) 

so that the commutators are C-numbers. Let A x be the associative algebraic structure 
naturally defined by (0). We are naturally interested in functions defined over the noncom- 
mutative spacetime. Following Weyl |28j define 

0(f) = J d»k f(k) (3) 

where / is the Fourier transform of /: 

/» = 7^-2 J d n x f{x) (4) 
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This uniquely associates an operator in 0(f) G A x with a function of classical variables: 
replacing the commuting variables x with operators x in a symmetric fashion. The product 
of two such operators is then defined in the obvious way 



0(f) -0(g) = J d n kd n p e^ £ V^ f(k)g(p) 

d n kd n p e *(M*M)*MM'"'i* f(k)g(p) (5) 



(2ir) n 
1 

(27T)™ 

where on the second line we have used the Baker-Campbell-Hausdorff lemma e A e B = e A + B ~ 1 / 2 i A ' B l 
and the fact that for the canonical structure (|2|), the higher commutators vanishes. This al- 
lows us to establish a homomorphism, 0(f) -0(g) = 0(f *g), between this operator product 
(•) and the Moyal p£j product (*) of ordinary functions: 



(f*g)(x) = ^Jd n kdye^ + ^e~^ e ^hmP) 



e 
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0M> 



a a 



w^f(y)g(z)\ y ^ x (6) 



This induced homomorphism allows us to view the algebra of functions on noncommutative 
lZ n as the algebra of ordinary functions on commutative lZ n with the Moyal *-product instead 
of the usual pointwise product. In particular, we can study field theories defined by classical 
actions of the usual form S = f d n xC[(p] but with the ^-product of fields. 

Now consider the spontaneously broken linear sigma model. At this point we specialize to 
four dimensions for the remainder of this paper. Furthermore, our sigma-model conven- 
tions will be essentially those of Peskin and Schroeder pD[ . The commutative linear sigma 
model involves a set of N interacting real scalar fields <f) l (x) with a continuous O(N) inter- 
nal symmetry. Renormalizability (of the commutative case) in four dimensions implies the 
Lagrangian: 

£ = ^W + i/i 2 (^) 2 -^[(^) 2 ] 2 (7) 

with implicit sums over the internal i index. Note the rescaling of the coupling A to avoid 
awkward factors of |. The global O(N) symmetry acts as 

(f) 1 -> R ij (j) j (8) 

where R is a spacetime- constant N x N orthogonal matrix. Because the symmetry is global 
(so R is constant), the noncommutative generalization of this symmetry will manifestly 
pose no problem with respect to the Moyal product, which explicitly degenerates into the 
pointwise product if one of the factors is a spacetime constant. In particular we will not need 
to worry about the intricacies of the noncommutative generalization of gauge invariance (see 
for example 



if = ^ (9) 



For /i 2 > 0, the classical potential is minimized by a constant field 0q configuration such that 

A 
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and the 0(N) symmetry is spontaneously broken. Since this determines only the length of 
the vector 0*, the rotational invariance allows us to choose coordinates so that 

ti = (p,0,...,0,v), v = ^ ( 10 ) 

Then define a = 0q — v such that 

f = (7r fc ,a), fc = l,..,iV-l (11) 

with < o >= 0. The linear sigma-model Lagrangian (0) rewritten in terms of these fields, 
and Wick rotated to Euclidean space (via x° = —ix E ) yields the following (commutative) 
action: 



Se = — I d 4 x 



+ * 4 + v \a(7r k ) 2 + -(tt*) V + Xva 3 
4 2 



(12) 



which reveals explicitly the masslessness of the N — 1 pions of Goldstone's theorem at tree 
level. The renormalization counterterm structure determined from the symmetric theory (if 
the O(N) symmetry is to hold quantum mechanically) is given by: 



~C E>ct = y^W + l^(^) 2 + |[(^) 2 ] 2 

y(^) 2 + |(^) 2 + i(^ + ^ 2 )( 7 r fe ) 2 



1 

^ A r/„fc\2l2 , 2/_ k\2 , *A J 



+-(<^ + 3S x v 2 )a 2 + (5^v + 5 x v 3 )a + 5 x va(ir k ) 2 + 5 x va 3 



4 [(- fc )T + W + f^ 4 (13) 

Now consider the noncommutative generalization of this theory. As discussed above, the 
effect at the Lagrangian level of the noncommutativity is to replace the (implicit) pointwise 
product of fields with the Moyal *-product. However, under the spacetime integral, an 
elementary but important result is that the quadratic part of the action is identical with 
commutative theory because 9^ u is antisymmetric. For example from (|6]), 

(0i*0 2 )(x) = 0i(x)0 2 (x) + + 

= 4>i(x)(f)2{x) + total derivative + .. . (14) 

where . . . represent the higher terms in 9 that behave identically with respect to this calcu- 
lation. Thus dropping total derivatives, by assuming appropriate asymptotic conditions on 
the fields, we have: 



d A x 4> * 4> = J d 4 x 4> ■ 4> 

d 4 x d(j) * d(j) = / d 4 x dcf) ■ dcj) (15) 



Interactions in higher powers of the fields are modified, and yield nontrivial phase factors in 
the momentum space Feynman rules, as we will see in a moment. There are two possible 
orderings for the noncommutative generalizations of the quartic terms 7i k 7i k 7i l ir l , and n k ir k (j(j, 
so we will include both orderings for each interaction in the model with unit total weighting. 
Thus the most general noncommutative, spontaneously broken linear sigma model action in 
Euclidean space: 



Se,uc = - I d x 



1 

2 -f - - o '' ~ ' 2 



-d^Wn* + -d^a + -(2/i 2 )cr 2 



+ ^/(7r fc * n k ) * (n l * 71-') + ^(1 - f)(n k * ix l ) * (ir k * it 1 ) 
+ * a * a * cr + vXa * {j[ k * ir k ) + ^f( nk * K k ) * a * a 
+— (1 — /) (ir k * cr) * {j[ k * cr) + Xv cr * a * a 



(16) 



and similarly for the counterterm structure. Note that the global 0(N) symmetry of the 
model implies that only a single / can occur. Since we wish to examine the theory at the 
quantum level, we will need the Feynman rules. In momentum space the Moyal product (§) 
of n fields yields 

J d^xMx) 0n(x) = J (n <**Pi) 6 (j2Pi) e-^ PiXp >UPi) ■ --MPn) (17) 

where Pi x pj = Pi^Q^Pjv We will prove this in the appendix inductively. Thus the only 
modification to the Feynman rules is due to the phase factor 

V( Pl ...p n ) = e -i^<i piXpi (18) 

at each vertex of n fields with p t the momentum into the vertex from the ith field. Otherwise 
the Feynman rules will be identical to the linear sigma model. Note that the sum contains 
n(n — l)/2 terms, and by momentum conservation is invariant under cyclic permutations, 
but not under arbitrary permutations of the momenta. We have both three and four point 
vertices in the spontaneously broken linear sigma model; a fact that will be crucial for our 
analysis. 

To summarize we write the symmetrized Feynman rules for the spontaneously broken non- 
commutative linear sigma model using ([16]) and (|T8|). Throughout solid lines refer to the 
sigma, and dotted lines refer to the pions. As discussed above, the quadratic terms are not 
modified, so the propagators are not modified from the commutative case: 



7T l 7T j 5 ij a 1 

► = — » = 2m0 5 19 

p p z p p z + 2/i 
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The symmetrized vertices (all momenta flow into the vertex) of the theory are now given 
by: 



i Pi \ 



P3 



-2v\8 13 cos 



Pi x p 2 . 



(20) 



Pi 



3 P2 

P-i = -2v\ 



(Pi *P2, . (Pi X P3, . (Pi XP3- 
COS! ) + COSI ) + COSI 



(21) 



i p x 



P2 
3 P2 



\ / 
\ y 
s / 



-2X6 ij 



f (Pl*P2, (P3*P4, . n ,v (Pl*P3 . P2*P4- 

j cos( — - — ) cos( — - — ) + (! — /) cos( — 1 — 



P3 Pi 

Pi 



P3 



(22) 




P2 



Pi 



-2A 



(Pl*P2, (P3XP4, . (PlXP3, (P2*P4 + 

cos — - — cos — - — + cos — - — cos — - — 



k p 3 



\ / 

/ s 
s s 



3 P2 



I P4 



+ cost — - — ) cost — - — 



WXMtt (Pl*P2, (P 3 X 

J o j cos( — - — ) cos( 



-2A 

+S ikgji (f cos ( 
+ 5 il 6 jk ( f cos 



2 ' v 2 

Pl x P3x (P2^Pl, 

) cos( I 

2 ; v 2 ' 

( PlX Pi ( p 2 XP3, 
Z — COS , 



(23) 



, /, ,x (Pi X P3 , P2 X_p 4 . 

+ (1-/) cos( + 



+ (1 - /) cos 



2 2 

Pi ><P2 , P3 X Pi, 



. a rs (Pi X P2 . P4 X p 3 , 

+ (1 - /) cos( — - — + — - — , 



(24) 



Working with the totally symmetrized vertices allows us to capture both planar and non- 
planar terms at once, though to make this explicit we will a posteriori extract planar and 
nonplanar parts below. 

In the calculations of the next section we will only be interested in one and two point 
amplitudes, so the counterterms from ( f[3f) we will need are given by 



-X =-S ll (S» + hv 2 -S z p 2 ) 



■(S fl v + 5 x v 3 ) 
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= -(5„ + 36 x v 2 - 5 zP 2 ) (25) 



3 One-Loop Quantum Level Calculations 



The linear sigma model contains three counterterm parameters, and so three renormalization 
conditions are needed. These are conventionally taken to be conditions specifying the field 
strength of a, the 4-cr scattering amplitude at threshold, and the vanishing of the one- 
point amplitude or vacuum expectation value renormalization of the a. Everything else, 
including the masses of both a and the 7r's, are predictions of the quantum field theory. In 
the renormalized perturbation theory sense, if the counterterms can be adjusted order by 
order to maintain the renormalization conditions, and yield finite predictions for everything 
else then the theory is perturbatively renormalizable. In the following we will examine the 
one-loop quantum structure of the noncommutative theory. 

Of course, our results will not depend on this particular renormalization scheme, but since 
our explicit interest is in Goldstone's theorem at the quantum level for the noncommutative 
case, and in this scheme the masslessness of the pions is a prediction of the quantum field 
theory, we will employ it in the following.[| In the ordinary commutative calculation of 




pion mass renormalization (see |30[ for example) the masslessness of the pions at one-loop 
(Goldstone's theorem) follows from a cancellation of the following graphs at zero external 
momentum (p — 0): 

p p p p 



+ J^~^~ + " X (26) 

k + p 

Because the full noncommutative calculation we are about to explore subsumes this as the 
special case where 9 — > 0, we will not do this calculation explicitly: for a demonstration 
using dimensional regularization, the reader is referred to |30| . We do point out that the 



counterterm displayed is not arbitrary, but completely fixed (at zero external momentum) 



by the renormalization condition on the sigma tadpole, as inspection of fl25|) reveals. At one 



Actually we will directly use only the renormalization condition on the sigma one-point amplitude: 
namely that it vanishes. We will consider the general case later. 
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loop the sigma tadpole counterterm is fixed by the requirement that 

k k 

N 

\ 

; + X= (27) 

/ 

Now consider the noncommutative case. The first, perhaps surprising, fact is that noncom- 
mutativity does not alter the tadpole graphs at one-loop. This follows from the elementary 
observation that while the one-loop tadpole graphs above contain cubic vertices (and so yield 
nontrivial noncommutative phase terms), momentum conservation dictates that no external 
momentum flows into the cubic vertices, so that phase factor ([18]) always degenerates to 1, 
or equivalently the cosine terms in the symmetrized vertices always vanish. 

Thus the sigma tadpole counterterm will not be modified in the noncommutative case. 
Nonetheless we need to explicitly calculate it from fl2~7|). Since loop integrals containing 
phases like ([18]) are most easily evaluated using Schwinger parameters (see for example 
PH,||32||), we will henceforth use them, coupled with a C°° smooth UV momentum cutoff 
regularization throughout. The basic Schwinger parameter representation is: 

1 POO 

dae- a{k2+m2) (28) 



k 2 + m 2 
whence 



o 



[ -^- 2 = [ dQ 4 r da I dkk^^ = vr 2 r %e~^ (29) 
J k l + m z J Jo J Jo a 2 

Thus high momentum divergences are replaced with small a divergences which are regulated 

by inserting a factor of e~ l ^ ah ) under the a integral, where A is the (fundamental) UV 

momentum cutoff. The basic integral we will encounter repeatedly is then of the form: 

/ " — = ^ + m 2 log(x 2 ) + m 2 (2 7 - 1) + 0(x) (30) 
Jo a A ar 

in the limit of small x(= ^). This is discussed and derived in the appendix. Thus: 



k 




1 ' -6v\) ' 



2 V 'J (2vr 4 ) k 2 + m 2 a 
3Xv 



167T 2 



A 2 

A 2 - ml log(— ) 
+m 2 (2 7 -l) + 0(^) 



(31) 



where m 2 = 2/j, 2 is the (tree-level) mass-squared for the sigma. Next, 



v 1, „ , xij , f d^k 8» 
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(JV- l)Xv 

TqtT 2 



a 2 -en 



+e 2 (2 7 -i) + o(|; 

where £ is a small infrared mass for the pion, to be taken to zero later. Thus 
tadpole counterterm to be: 



(32) 
fixes the 



-(S^v + S x v 3 ) 



Xv 

167T 2 

+ (27 



A 2 (iV + 2 ) - 3ml log(^) - e(N - 1) log(^) 



mi 



3m 2 a + e(N-l)\+0(- 



1 



(33) 



As discussed this fixes the pion propagator counterterm at zero momentum (and at one 
loop). Thus, including the momentum- dependent wave function renormalization term we 
have: 



x 



X6 ij 
16tt 2 



" A 2 A 2 

A 2 (iV + 2) _ 3m 2 lQg( } _ e{N _ 1} lQg( _ 

m 2 £2 



+ (2 7 -l) 3m 2 +£ 2 (JV-i; 



(34) 



Now consider the one-loop contributions to the pion propagator. In order to consider sepa- 
rately the (noncommuting) |L3j UV (A — > oo), and IR (p — > 0) limits, we will not set p = a 

(2) 

priori, but will compute the irir amplitude T\pj for an arbitary external momentum p. The 
first graph in (p6| ) has a single quartic vertex (21). Denoting the loop momentum by k, 
yields a phase factor of: 



f ( n 2 ( P xk - 

f 2 cos (— -— , 



+ JV - 1 + (1 - /) 2 + (JV - 1) cos(p x k) 



fN + 2(1 — /)+(/ + (1 — /)(JV — 1) ) cos(p x fc) 



(35) 



The constant term is the planar contribution to the noncommutative analogue of the first 
graph in fl26|), and is explicitly: 



k 



J 



P 



P 



-25 ij X(fN + 2(1 -f)) 



d 4 k 



1 



(2tt) 4 A; 2 + £ 2 



A^[/JV + 2(1- /)] 
16vr 2 

e 2 (2 7 -i) + o(|; 



A 2 -e 2 io g (A 2 /a+ 



(36) 
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whereas writing cos(/c x p) = ^(e lkxp + e ipxfc ), and using the fact that the exponentials are 
the same under |iie integral over all momenta, the nonplanar contribution is: 



_. 

V \ 



1 „ rf&h. p ikxp 

~ -2A^(/+(l-/)(iV-l)) 



(2vr) 4 fc 2 + £ 2 



167T 2 

£ 2 (2 7 -l) + 0( 



A 



where 



and 



A 



eff — 1 

T2 + V ° V 



A 2 



poq = 



4 



(37) 
(38) 
(39) 



in a basis where 9^ u is skew-symmetric (the coordinates form pairs of noncommuting coor- 
dinates), so that its square is diagonal. This effective cutoff arises because completing the 
square in the Schwinger integral now yields an inhomogeneous term that is the same form 
as the fundamental UV cutoff regulator: 

D ikxp roo 

k 2 + m 2 



Jo 



'reg 



dae 



Ml 2 +m2) _l 



eff 



(40) 



where = — i/(2a)8 fJiU p l/ is a linear change of variables with respect to the k integral. 
Note the (irrelevant) 1/4 factor in the definition of p o q which does not appear in [13 



The second diagram in is handled similarly. The phase factor from (|22j) is now: 

/ + (1 - /) cos(A; x p) (41) 

Thus the planar contribution to the noncommutative analogue of the second graph in ( f26|) 
is: 



k 



Q 



V 



V 



d A k 



(2vr) 4 k 2 + m 2 a 



X5 lj f 

167T 2 



A 2 - ml log(A 2 /m 2 ) + 



m 2 (2 7 -l) + 0(^) 



(42) 
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and the nonplanar contribution is: 

k 



P 




-A^'(l - /) 



A^(l-/) 

167T 2 



d 4 k 



ikxp 



(2tt) 4 k 2 + m 



A2 ™2,_/ A 2 1^2- 



m^(2 7 -l) + 0(^ 



A 



eff 



(43) 



The third diagram of (|26|) will yield momentum dependent corrections to the propagator, as 
the external momentum circulates in the loop. Note also that it does not depend on / since 
there are no quartic vertices. Instead of using two Schwinger parameters for the two internal 
propagators, we will combine the propagators using a Feynman parameter, and then use a 
Schwinger parameter via the identity: 



d 



(I 2 + A 2 



d(l 2 



r dae^^A = r daae~^ + ^ 
Jo J Jo 



(44) 



Then we will need (see appendix) the small x expansion: 



da 



a: 



e qa 2 



-log(x 2 ) -2 7 + (x) 



(45) 



which makes explicit the logarithmic (as opposed to quadratic) divergence of this type of 
diagram. Now, since we have two cubic vertices, we pick up two phase factors due to 
noncommutativity. Denoting by k the pion momentum in the loop, the vertex (|2~0D yields 
for the third diagram of (EB) the phase: 



cos(^— ) cos( ) = - (1 + cos(A; x p)) 

Thus planar and nonplanar contributions are weighted equally. The former yields 

k 

d A k 



(46) 



P 




J 



-4t> A 5 3 \ 

2 J (2vr) 4 k 2 + ^ (k + p) 2 + ml 



k + p 



2v 2 X 2 5 t3 I dx 



dH 



'reg 



v 2 X 2 5 lJ f 1 

8tt 2 
~v 2 X 2 5 i3 
8tt 2 



(2tt) 4 {I 2 + A 2 ) 2 
00 da 



dx / — e 



-aA 2 



a 

1 A 2 



o log(— )dx + 2 7 + 0(j) 



(47) 
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where A 2 = x(l — x)p 2 + x£ 2 + (1 — x)m 2 , I = k + (1 — x)p, and where in the second line we 
introduced the Feynman parametrization: 



(k 2 + e)[(k + p) 2 + ml}) 



dx 



(I 2 + A 2 ) 2 



(48) 



To proceed, we can take the IR regulator £ to zero without any difficulty, to simplify the 
Feynman parameter integral, so that (recalling v 2 = /x 2 /A) 



(47) 



-Am 2 6 ij 
16tt 2 



log 



' p 2 + m 2 
A 2 



+ -5" log 

^2 



'p 2 + m 2 ' 
m 2 



+ 2( 7 -l) + 0(-) 



(49) 



Noting that Z = k + (1 — x)p implies that k x p = I x p, and writing as usual cos (A; x p) = 
cos(Z x p) in exponential form, and noting the symmetry of the terms under integration over 
all I, the nonplanar contribution to the third graph in (|26| ) is: 




2v 2 \ 2 5 l i 



d A k 



^ikxp 



(2tt) 4 £; 2 + £ 2 (k + p) 2 + m 2 a 



2v 2 \ 2 S lJ / dx 



dH 



^ilxp 



2\2 



—\m 2 a b % i 

167T 2 



log 



' p 2 + m 2 



+ 



log 



'p 2 + m 2 
. m 2 



(2tt) 4 (/ 2 + A 



+ 2( 7 -l) + 0( 



A 



A 



(50) 



Thus the effect of noncommutativity is to re-weight the planar and nonplanar graphs with 
respect to the commutative graphs (where there is no distinction between planarity and 
nonplanarity) in the cases where nonplanar graphs are generated, and replace the A in the 
planar graphs with A e ff in the nonplanar graphs. The one- loop correction to the (inverse) 
propagator is the sum of the six graphs (0), fl37f), (|42]) , ([43]), (|47|) , ([SO]), and the counterterm 
(B3). This sum is the noncommutative equivalent of (f26|). Explicitly it is equal to: 



E 

1— loop 



X5 ij 
16^ 



N(l-f) + f 
+2m 2 [ ] 



A 2 -K ff + [2-f m> 



p 2 + m 2 ,p 2 + m 2 
log( 



A 2 

' A 2 ' 



(51) 



or eliminating A e jj in favour of A, 6, and p: 
A<^ 



E 

1— loop 



167T 2 



N{l-f) + f 



A 1 - 



1 + A 2 (pop) 



+2m n I 1 log( — 



P 



mi 



2-f m 2 log(l + A 2 (pop)) 



(52) 



<5^ z p 2 
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4 Discussion 

This result is rather remarkable, and some comments are in order. First note that if we take 
the noncommutativity 9 to zero, the explicit dependence on A cancels, and we are left with 
the usual finite commutative result: 



which furthermore vanishes in the p — > limit. Thus the mass shift of the pions due to one- 
loop quantum corrections vanishes; this is just Goldstone's theorem. However, for a strictly 
nonzero 9, the result is unavoidably UV cutoff dependent (the freedom to choose 5z clearly 
does not help us because the divergences are not proportional to p 2 ), and therefore naively 
divergent (both quadratically and logarithmically) in the continuum (A — > oo) limit. This 
cannot be evaded by any choice of / G [0, 1], or N. However, viewed as a Wilsonian action, 
for which A is a fixed, physical parameter, the limit p — > exists, and fl52|) becomes zero: 
again yielding Goldstone's theorem in this ordering of the limits. The conclusion is that not 
only do UV and IR limits not commute, but the continuum limit of the renormalized theory 
is inconsistent with Nambu-Goldstone realization of the global symmetry. We emphasize, 
that this occurs after the renormalization programme has been carried out; we have used up 
the counterterm freedom in fixing the sigma vev. 

This is not an artifact of the renormalization prescription (of which we have only used 
the condition imposing nonrenormalization of the sigma vev), since clearly if we somehow 
arrange the tttt amplitude to contain no net fundamental A dependence, post-renormalization 
A dependence will be shifted into the sigma tadpole. This is a direct consequence of the 
restrictive counterterm structure present in a spontaneously broken theory. 

To summarize, because no external momentum flows into a tadpole vertex, noncommutativ- 
ity does not affect tadpole graphs, and hence the sigma tadpole renormalization counterterm 
is not modified. Since tadpole terms reflect shifts in vacuum expectation values of fields, and 
since the sigma vev measures the spontaneous symmetry breaking of the theory, colloqui- 
ally, spontaneous symmetry breaking is blind to the noncommutativity at this level. On the 
other hand, since the counterterm structure is fixed, this means that the pion propagator 
counterterm is not modified (modulo wave function renormalization). However, the graphs 
that contribute to the one-loop quantum corrections of the pion propagator are modified, 
and the usual cancellation that ensures the pion masses are finite (and zero) after quantum 
corrections is violated in such a way, that cutoff dependence is restored; so UV and IR limits 
do not commute. In sum, we conclude that the Nambu-Goldstone realization of the O(N) 
symmetry of this model is not perturbatively compatible with the continuum renormaliza- 
tion of the noncommutative theory. The interpretation and implications of this result will 
be explored elsewhere. 




(53) 
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A Appendix 



A.l The Feynman Rule for Noncommutative Phases 



Proceeding inductively, we have: 

((01 * ...<f> n ) * <f> n+1 )(x) 

= / II ^e-i^^ + "*->^ 1 ^e i ^ + -"+^ 1 )- !e e -* ^ wx *Vi(pi) • • • 0n + i(Pn + i) 

J i (2,71) 

= jli^2^ 1+ --- +Pn+iyXe ~^ ( 54 ) 

where the induction hypothesis is used in the second line. Thus, 

V( Pl ,...,p n )=e-^«^ PiXPi . (55) 



A. 2 A Useful Integral 



In evaluating the loop integrals in this paper, we encountered integrals of the form 

l n (x) ee / ^e~ am2 -^ (56) 
jo or 

which can be taken as definitions (modulo constants) of the K type modified Bessel func- 
tions. Since we are really only interested in the small x (large A) behaviour, and in the cases 
n — 1, 2, an elementary treatment suffices to determine dominant behaviour. We split the in- 
tegration region into [0, x/m 2 ], and [x/m 2 , oo), and then expand the appropriate exponential 
on each region. For n = 2, after changing variables a — > 1/a ■ x 2 /m 4 

X 2 (x) = — e ^da 
x 2 Jo 
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m 



m 



x z 



m 



x z 
m 



2 4 

am 



1 — am H h 0(a ) - e da 



+ 



m 2 a 



0(x 4 



~ am da 



x 



(x - -~)e~ x - x 2 Eix(x) + 0(x 3 ) + e~ x - a; 2 Ei 1 (x) + 0(x 4 ) 



1 - x 2 + 2x 2 log(x) + 2x 2 7 + 0(x 3 



— + m 2 \og(x 2 ) + m 2 (2>y - 1) + 0(x) 



where we have used the exponential integral 

Eii(z) = 

and its asymptotic expansion near x — 0, discovered through: 

d 



oo 



1 ~ f-x)"- 1 



.r 



n=l 



ft! 



(57) 



(58) 



(59) 

whence 

Eix(x) = -log(x) +C + 0(x) (60) 

It can be shown that C = —7, but since it must cancel out of all physical amplitudes, we 
heed it no further. The n = 1 case is handled identically, and we omit it here. 



References 

[1] T. Filk, Phys. Lett. B376 (1996) 53 

[2] J.C. Varilly and J.M. Gracia-Bondia, Int. J. Mod. Phys. A14 (1999) 1305, |hep= 



th/9804001| 



[3] M. Chaichian, A. Demichev and P. Presnajder, |hep-th/9812180| ; |hep-th/9904l32 
[4] M. Sheikh- Jabbari, |hep-th/9903107| , JHEP 06 (1999) 015. 



[5] C.P.Martin, D. Sanchez-Ruiz, |hep-th/ 99030?! , Phys.Rev.Lett. 83 (1999) 476-479 



[6] T. Krajewski, R. Wulkenhaar, |hep-th/9903T87| 



[7] S. Cho, R. Hinterding, J. Madore and H. Steinacker, |hep-th/9903239 

15 



[9] 

[10 

[11 

[12 

[13 

[14 

[15 

[16 

[17; 

[18 
[19 
[20 



[21 
[22 
[23 
[24 
[25 
[26 
[27 
[28 
[29 
[30 

[31 
[32 



E. Hawkins, |hep-th/9908052 
D. Bigatti and L. Susskind, |hep-th/9908056| 
N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, |hep-th/99 10004 



I. Chepelev and R. Roiban, |hep-th/9911098 



H. Benaoum, |hep-th/99l2036 
S. Minwalla, M. Van Raamsdonk, N. Seiberg JHEP 02 (2000) 020, |hep-th/9912072 



G. Arcioni and M. A. Vazquez-Mozo, JHEP 0001 (2000) 028, |hep-th/ 99 12140 
M. Hayakawa, |hep-th/ 99 12091 ; |hep-th/9912l"6l 
C. Zachos, fiep-th/9912238 



S. Iso, H. Kawai and Y. Kitazawa, |hep-th/0001027 

H. Grosse, T. Krajewski and R. Wulkenhaar, [hep-th/0001182| 

I. Y. Aref'eva, D. M. Belov and A. S. Koshelev, |hep-th/00012T5 
W. Fischler, E. Gorbatov, A. Kashani-Poor, S. Paban, P. Pouliot and J. Gomis, [hep- 



th/0002067 



A. Matusis, L. Susskind and N. Toumbas, |hep-th/0002075 



J. Madore, S. Schraml, P. Schupp, J. Wess, |hep-th/0001203 



M. Van Raamsdonk, N. Seiberg, |hep-th/ DD0gTg| 

B. W. Lee, Nucl. Phys. B9, 649 (1969) 

J.-L. Gervais, B.W. Lee, Nucl. Phys B12, 627 (1969) 
K. Symanzik, Lettere al Nuovo Cimento 1, 10 (1969) 
K. Symanzik, Comm. Math. Phys., 16, 48 (1970) 
H. Weyl, Z. Physik 46, 1 (1927) 

J.E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949) 

M. Peskin and D. Schroeder, An Introduction to Quantum Field Theory, Addison- Wesley 
(1995) 

C. Itzykson, J. Zuber, Quantum Field Theory, McGraw-Hill (1980) 

J. Zinn- Justin, Quantum Field Theory and Critical Phenomena, Oxford University Press 
(1996) 



16 



